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Abstract. We estimate the fraction of isogeny classes of abelian varieties over 
a finite field which have a given characteristic polynomial P(T) modulo I. As 
an application we find the proportion of isogeny classes of abelian varieties 
with a rational point of order I. 



1. Introduction 

Let F be a finite field of characteristic p and order q, and I a prime not equal to 
p. Let 

P(T) = (T 2g + q a ) + a^T 29 - 1 + q^T) + ■■■ + a 5 _i(T 9+1 + qT^ 1 ) + a g T 9 

be a polynomial. The goal of this paper is to estimate the number of isogeny classes 
of abelian varieties over F of dimension g for which the characteristic polynomial 
for the action of Frobenius is congruent to P{T) modulo i. 

The initial motivation for this problem came from the following question, posed 
in Q and related to the Fontaine-Mazur Conjecture for number fields: 

Question 1. Let k be a function field over a finite field F of characteristic p and 
order q, and £ a prime not equal to p. Let K = fcF^oo be obtained from k by taking 
the maximal £- extension of the constant field. If M is an unramified l-adic analytic 
(.-extension of k, and M does not contain K , must M be a finite extension of k? 

In general the answer to Question |l| is no, with examples due to Ihara (J^j) and 
to Frey, Kani, and Volklein (§]). However, the following theorems were proved 
in|: 

Theorem 1 (Theorem 2 of Q). Let ko be a function field over a finite field of 
characteristic p, and let k be a constant field extension. Let £ be a prime not 
equal to p. If £ does not divide the class number P(l) of ko, then any everywhere 
unramified powerful (a, fortiori uniform) pro-£ extension ofk, Galois over ko, with 
no constant field extension, is finite. 

Theorem 2 (See Corollary 4.11 of [||). Let ko be a function field over a finite field 
of characteristic p, and let k be a constant field extension. Let £ be a prime not 
equal to p. Let P{T) be the characteristic polynomial of Frobenius for the Jacobian 
of the curve associated with ko- Suppose that the distinct roots of P(T) modulo 
£ (possibly in some extension of 7i/£Z) consist o/Ao,Ai,... , A n such that for all 
i ^ j, XiXj 1. Suppose further that if any A; = 1, A,; is at most a double root 
of P(T) modulo £, and if any Xi = —I, Xi is only a simple root of P(T) modulo £. 
Then there are no unramified infinite powerful pro-£ extensions of k n , Galois over 
ko, with no constant field extension. 
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In the paper H , Jeffrey Achter and the author address the question of how many 
function fields are associated with a given P(T) modulo i, and thus how many fall 
under the purview of Theorem [l] and Theorem |[ In this paper we will address the 
different but related question of how many isogeny classes of abelian varieties have 
a given characteristic polynomial P(T) modulo I. As an application we find the 
proportion of isogeny classes of abelian varieties with a rational point of order I. 

We have chosen the following way to address these questions, starting with the 
application to rational points. Fix distinct primes p and £. For each r, let F p r be the 
finite field with p r elements. By the work of Tate and Honda, two abelian varieties 
are isogenous if and only if they have the same zeta function. Thus to each isogeny 
class of abelian varieties defined over F p r we associate the unique polynomial P(T) 
(the Weil polynomial or Weil q-polynomial) which is the characteristic polynomial 
for the action of Frobenius and the reciprocal of the numerator of the zeta function 
of any variety in the isogeny class. Then I does not divide P(l) if and only if each 
abelian variety in the class has an F p r -rational point of order I. For each g, there 
are finitely many isogeny classes of abelian varieties with dimension g. Let d rg be 
the fraction of isogeny classes of dimension g over F p r for which £ does not divide 
P(l). Then 

Theorem 3. For fixed g, 



This result and the other major result of the paper could also be obtained using 
the techniques of Q . The proofs given here are perhaps more elementary, and also 
give some access to the number of isogeny classes and not merely the proportion 
satisfying each condition. 

2. Lattices 

The proof of Theorem |^ relies on the method of counting abelian varieties intro- 
duced by DiPippo and Howe in Let q = p r and I(q, g) be the number of isogeny 
classes of g-dimensional abelian varieties over F g . Let P(T) be as before. Write 

P(T) = Y[(T- aj ). 

Then P(T) has the property that \otj\ = q 1 ^ 2 , and the real roots, if any, have even 
multiplicity. If we write 

P(T) = (T 2g + q 9 ) + aiiT 29 - 1 + q g ~ l T) + ■■■ + a g ^{T 9+1 + qT 9 ' 1 ) + a g T 9 

and let Q(T) = P(^/qT)/q 9 , then P(T) is associated with another polynomial 

Q(T) = (T 2g + 1) + hiT 29 - 1 + T) + ■ ■ ■ + & 3 _!(T 9+1 + T 9 - 1 ) + b g T 9 . 

Let V g be the set of vectors b = (bx, . . . ,b g ) in R 9 such that all of the com- 
plex roots of Q{T) lie on the unit circle and all real roots occur with even mul- 
tiplicity. Let ei, . . . , e s be the standard basis vectors of R 9 and let A q be the 
lattice generated by the vectors q~ l l 2 e,i. DiPippo and Howe explain that if P(T) 
is the Weil polynomial of an isogeny class then the coefficients dj are such that 
(aig -1 / 2 , . . . , a g q~ 9 / 2 ) £ A q n V g . Further, if we let A^ be the lattice generated by 
the vectors q~ x l 2 e\, . . . , (7 _ ^ 9_1 ^ 2 e g _i and pq~ 9 ^ 2 e g , then all of the polynomials 
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P{T) with coefficients a* are such that {a%q 1 / 2 , . . . , a g q 9 I 2 ) e (A 9 \ A' ) n V g are 
exactly the Weil polynomials of isogeny classes of ordinary varieties. Finally, let A g 
be the lattice generated by the vectors q~ l / 2 &i, . . . , g~ < - 9 ~ 1 - ) / 2 e 5 _ 1 and sq~ g / 2 e g , 
where s is the smallest power of p such that q divides s 2 . Then the set of polyno- 
mials P(T) with coefficients a, such that (aig" 1 / 2 , . . . , a g q~ 9 ^ 2 ) S A g n V 9 contains 
(perhaps properly) the set of Weil polynomials of isogeny classes of non-ordinary 
varieties. 

These facts are relevant because of Proposition 2.3.1 of B. In a slightly gener- 
alized form, the proposition says: 

Proposition 2.1 (see 2.3.1 of Q). Let n > be an integer and let A C R™ be a 

rectilinear lattice (possibly shifted) with mesh d at most D. Then we have 



covolume A 

for some constant c(n, D) depending only on n and D which can be explicitly com- 
puted. (We will not need the explicit computation in this paper.) 

Let v n be the volume of V n ; Proposition 2.2.1 of calculates it explicitly but we 
will not need that here. Let r(q) = 1 — 1/p. The lattice A g has covolume g~ff(f +1 )/ 4 
and mesh q~ x l 2 . The lattice A^ has covolume pq~s(9+ 1 )/ 4 ; an d it has mesh q~ 4 / 2 
unless 3 = 2 and q — p, in which case it has mesh 1. Lastly, the lattice A g has 
covolume sq^ 9 ^ 9+1 ^ 4 and its mesh is at most 1. It is then an easy consequence of 
the proposition that 

v g r(q)q 9(9+1)/4 - 2c(g, l) g s(s+l)/4-l/2 

<I(q,9) 

< v g r(q)q 9i9+1 ^ 4 + (v g + 3c(g, 1)) g»CH-l)/4-l/2 . 

(See |g] for details.) 

Now let Ii (q, g) be the number of isogeny classes of g-dimensional abelian vari- 
eties over F g such that £ divides P(l). Using the above notation we have 

P(l) = (1 + q 9 ) + ai(l + q 9 - 1 ) + ■■■ + a s _i(l + q) + a g . 

Then 

li(q,g)= l mi ,..., mg (q,g) 

(l+^J+mifl+j'^H |-m 9 _i(l+g)+m 9 =0 (mod t) 

0<m,i<£ 

where I mi ,... ,m„ (qi g) is the number of isogeny classes of ^-dimensional abelian va- 
rieties over F q such that a$ = rrii modulo I. There are exactly £ 9 ~ 4 terms on the 
right hand side of this expression. 

Now let A mi> ... iTO be the lattice generated by the vectors lq~ l l 2 &i and then 
shifted by m^^e*, and let A^ mg = A mi) ... >ma n A' q and A^ <nig = 
A mi ,..., m9 n A£. Then A mi) ..., mg has covolume £9 q -9(9+i)/4 and mesh Iq- 1 ' 2 ; 
Ami m nas covolume £ 9 pq~ 9 ( g+1 ^ 4 , and it has mesh lq~ 4 / 2 unless g = 2 and 
q = p, in which case it has mesh £; and A'^ ll TOs has covolume £ g sq^ 9< -- 9+1 ^ 4 and 
mesh at most £. 

We can then prove: 



volume V„ 

# A n v g ) =- 

covolume A 



4 



JOSHUA HOLDEN 



Proposition 2.2. 

v g r(q)q^)/4£-9 _ 2c (g, £) q s(9+^-l/2f-g 



< Imi,...,m g {<l,g) 

< Vgriq^+V/H- 9 + (v g + 3c(g, £)) ^(ff+i)/4-i/2^i- 9) 



and thus: 
Proposition 2.3. 



v^q^+^^f.- 1 - 2c(gJ)q^+ 1 ^ 4 - 1 ^ 

<h(q,g) 

< Vgr^q^+^^fr 1 + {vg + 3c(gJ.))q 9(9+1)/4 - 1/2 . 
Combining this with our earlier result, we get 

v g r(q)qa(a+ 1 )/H~ 1 - 2c(, 9 ,l) g g(g+ 1 )/ 4 - 1 / 2 
v g r{q)q9(.9+i)/i + + 3c ( ff) X )) q g(g+l)/i-l/2 

h{q,g) 



< 



< 



Thus we have: 
Theorem 4. For fixed g, 



^r(g)g 9(9+1)/4 r 1 + (vg + 3c(g, £)) g g(g+i)/4-i/2 

W g r(( ? )( 7 9(9+ 1 )/ 4 - 2c( 5 , l)gfl(fl+l)/4-l/2 



lim W,*)_i 



r-»oo I(p r ,g) £ 

from which Theorem [?] follows immediately. 



3. The general case 

Obviously, an identical argument could be used to establish the fraction of 
isogeny classes of dimension g for which P(x) = y modulo £ for any x and y in 
Z. More generally, we can establish the fraction of isogeny classes of dimension 
g for which P(T) = f(T) modulo I for any given polynomial f(T) of the correct 
form. Fix 

f(T) = (T 2g + q 9 ) + mi (T 2 ^ 1 + q^T) + ■■■ + m 9 _i(T s+1 + qT 9 - 1 ) + m g T 9 . 

For fixed p and £, let e rjS be the fraction of isogeny classes of g-dimcnsional abelian 
varieties over F p .- such that P{T) = f(T) modulo I. 



Theorem 5. For fixed g, 



lim e r „ = — . 

r->oo ' 9 £a 



Proof. We can follow the same argument as we did for Theorem ||. Let Je(q,g) = 
e r , g I(q,g) be the number of isogeny classes of g-dimensional abelian varieties over 
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Fpr = F q such that P(T) = f(T) modulo I. Then our bounds on Je(q,< 
I mi ....,mAq,g) and I(q,g) give us 



v g r(q)qs(9+i)/i + + 3c(ff) ^ g9 ( g +i)/4-i/2 



< 



< 



^ g r(g)g g(g+1)/4 rg + {v g + 3c(g,£))qa(9+^/i-y2 e i- a 



v g r{q)q9(9+i)/i _ 2c ( 5j 1 ) gS ( 9 +l)/4-l/2 
On taking the limit, the theorem follows. □ 

References 

[1] Jeffrey D. Achter and Joshua Holden. Notes on an analogue of the Fontaine-Mazur conjecture. 



Submitted to the Proceedings of the AMS, math.NT/0105087 



[2] Stephen A. DiPippo and Everett W. Howe. Real polynomials with all roots on the unit circle 
and abelian varieties over finite fields. J. Number Theory, 73:426-450, 1998. 

[3] Gerhard Frey, Ernst Kani, and Helmut Volklein. Curves with infinite i\-rational geometric 
fundamental group. In Helmut Vlklein, David Harbater, Peter Miiller, and J. G. Thompson, 
editors, Aspects of Galois theory (Gainesville, FL, 1996), volume 256 of London Mathematical 
Society Lecture Note Series, pages 85—118. Cambridge Univ. Press, 1999. 

[4] Joshua Holden. On the Fontaine-Mazur Conjecture for number fields and an analogue for 
function fields. J. Number Theory, 81:16-47, 2000. 

[5] Y. Ihara. On unramified extensions of function fields over finite fields. In Y. Ihara, editor, 
Galois Groups and Their Representations, volume 2 of Adv. Studies in Pure Math., pages 
89-97. North-Holland, 1983. 

Department of Mathematics, Duke University, Box 90320, Durham, NC 27708-0320, 
USA 

E-mail address: holden@math.duke.edu 



